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the  definit ion (43) leaves S(r)(x) m-dimensional,  but  
i t  is clear t h a t  the  subsequent  t rans format ion  of 
S(r)(x) under  A2 requires the  t rans format ion  of an 
( m - r ) - d i m e n s i o n a l  (%function as in § 2. The equiv- 
alence of (AiA~)S and AI(AgS) with Ai  singular 
should follow for the  same reason. 

(iii) I n  so far  as the  point  sets of (8) are idealizations 
of a real  s i tuat ion in which electron densi ty  S ( x ) >  0 
a t  a lmost  all points  of space, i t  is na tu ra l  to enquire 
how far  the  operat ions of convolution and affine 
t r ans fo rma t ion  commute  for general  sets S(x). I f  T 
is non-singular  and  S* = T S  is defined as in (6), it is 
clear f rom the a rgument  leading to (7) t ha t  more 
genera l ly  

T(SiS2) - Si $2 (44) 

for all integrable sets S~, S~ for which the convolution 

SiS9 exists. The following is a proof of (44) when 
T is singular and Si and S~ are not  periodic and 
have convergent integrals,  t h a t  is have finite to ta l  
weights. 

By  a proper  choice of basis in the  m-dimensional 
space, A of r ank  r < m  is completely reduced to 
A(r)TA(m-r) ,  where A(m-r)=0(~-~).  Let  now 

g(x(~)) = I S(x)dx(~-~). 

Then using (43) and the  in terpre ta t ion  (6) 

Si*= [det A(r)[-lgl((~(r))-lx(r))5(x(m-r)), 

since from (8) to (9) 

O(m-r)~(x(m-r) ) ~. ~ ( x ( m - r ) )  . 

Then 

&'~l t'-~2 = {A(r)glg2}~(x(m-r)) • 
Also 

ASiS~ 

: { , ( r ,  Si ~ l ( y ) S 2 ( x - y ) d y d x ( m - r ' }  ~(x(m-r,) 

= 1"(" f i .,) 

which proves the  theorem. 
The reversal  of the integrat ions puts  certain fu r the r  

conditions on S~ and  $2; e.g. sufficient conditions 
would be cont inui ty  of these functions and  uniform 
convergence of their  integrals  if the range of integra-  
t ion is all space or all of some ildinite sub-space. 
These conditions obtain  for any  real dis t r ibut ion of 
electron density.  

R e f e r e n c e s  

AITKEN, A. C. (1956). Determinants and Matrices. 9th ed., 
p. 67. Edinburgh: Oliver and Boyd. 

B~RKEOFF, G. & MACLA)VE, S. (1953). A Survey of Modern 
Algebra. Revised ed., pp. 277, 278. :New York: Mac- 
millan. 

BULLOUGH, R. K. (1961). Acta Cryst. 14, 257. 
G ~ I D O ,  J. (1951), Bull. Soc. Fran 9. Mindr. Crist. 74, 

297. 
I-IA_RD¥, G. H. & ~TRIGHT, E. M. (1954). An Introduction 

to the Theory of Numbers. 3rd ed., Oxford: Clarendon 
Press. 

HOSEMANN, R. & BAGCm, S. N. (1954). Acta Cryst. 7, 237. 
PATTERSON, A. L. (1944). Phys. Rev. 65, 195. 
WEYL, H. (1931). Theo~ T of Groups and Quantum Mechan- 

ics. Trans. Robertson. New York: Dover. 

S h o r t  C o m m u n i c a t i o n s  
Contributions intended for publication under this heading should be expressly so marked; they should not exceed about 

1000 words; they should be forwarded in the usual way to the appropriate Co-editor; they will be published as speedily 
as possible. Publication will be quicker i f  the contributions are without illustrations. 

Acta Cryst. (1964). 17, 308 

General spot-s ize  correction for inclined incident beam: Weissenberg method.  By :KAT~LEEN 
LO~SDALE, University College, London W.C. 1, England 

(Received 7 May 1963) 

D. C. Phillips (1954, 1956) has derived formulae giving 
the reflexion spot area variations observed on upper-level 
Weissenberg photographs. These apply only to the 
normal-beam and equi-inclination methods. Since the 
formulae involve the axial coordinate $ which is depen- 
dent upon the wave-length, it follows that  the Phillips 
correction cannot be applied to Kfl spots if the incident 
beam is set in the equi-inclination position for the K~ 
radiation. I t  is sometimes, however, very desirable to 
make use of the intensities of the Kfl spots, for example 
if the Ka are too strong, if they are just outside the 

limiting sphere or if they are enhanced by the Renninger 
effect. I t  seems necessary, therefore, to give the Phillips 
equations for the general case. 

The nomenclature used is that  of section 4.3 of the 
International Tables for X-ray CrystaUography (herein- 
after I .T.)  Volume I I  (1959), which differs from that  of 
Phillips mainly in using ~ for the angular coordinate 
instead of co. The method consists in determining the 
reflexion-spot length ~ (parallel to the rotation axis) 
without any camera translation; and then of determining 
the additional _A~ introduced by the movement of the 
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c a m e r a  d u r i n g  t h e  c r y s t a l  r o t a t i o n  A~0. T h e  a n g u l a r  d ive r -  
g e n c e  of t h e  p r i m a r y  b e a m  is t a k e n  as  2a,  it is t h e  incli-  
n a t i o n  of t h e  p r i m a r y  b e a m  to  t h e  e q u a t o r i a l  p l ane ,  v is 
t h e  ang l e  b e t w e e n  t h e  n t h  l a y e r - l i n e  g e n e r a t o r  a n d  t h e  
e q u a t o r i a l  p l a n e .  

D e t e r m i n a t i o n  o f  r e f l e x i o n - s p o t  l e n g t h  2 o n  a s t a -  
t i o n a r y  c y l i n d r i c a l  f i l m ,  r a d i u s  r~, a x i s  p a r a l l e l  t o  

r o t a t i o n  a x i s  

T h e  m e a n  a n d  l i m i t i n g  r e f l e x i o n  cones  h a v e  semi -  
v e r t i c a l  ang l e s  ½ g - v ,  ½~715-yl, x:rl:-p 2 w h e r e  s inv  = 5  + s i n i t  
( e q u a t i o n  (1), p. 175, I . T .  Vol.  I I )  

s in  v~ = $ + s in  (it + a)  = s in  v + a cos it 

s ince  a is s m a l l  

s in  ve = 5  + s i n  (it - a )  = s i n  v - a  cos i t .  
T h e n  

2 =r~  ( t an  v~ - t a n  v2) + l  
w h e r e  

1 = 2ar  o see it 

is t h e  l e n g t h  of  t h e  c r y s t a l  e l e m e n t ¢  (% = d i v e r g e n t - b e a m  
' sou rce '  to  c r y s t a l  d i s t a n c e ) .  

[ sinv, sin v__~ ] 
2=r~ ~(1-sin~vl)½- (l-sinSve)½J +l 

I( sins v~ - sins Vl sins v2] ½ - ( sin~ ve - sins Vl sins v~) ½ ] 
= r l  ( i  _ s---{n~ v-~_ sins ~ +--~-~n~ ~ ~ j + l .  

N o w  s ince  a is sma l l  

s in  2 v 1 = s in  2 v + 2a  s in  v cos it 

s in  ~ v~ = s in  2 v - 2a  s in  v cos it 

s in  ~ V 1 s i n  2 V 2 = S i l l  4 V 

2 =  r l  [(sin ~v s in  4 v + 2 a s i n v c o s i t ) ½  
C O S  2 ?) 

(sin -° v - - s in  4 v - - 2 a  sin v cos/x)½] + l  

I( _ r~cosSi__n_Yv 1 + si--nv~oos~v ] - 1 s-:mn-~-eo~v] J + l .  

B u t  if x is sma l l  (1 +x)½ = 1 + x / 2  

2 = 2r la  cos i t /cos  3 v + l  (1) 

[ r~ c°se it ] 
= 2a sec it [1 - ( 5  + s i n  it)a]a/2 + r0 (2) 

= 2a  see it [r~ cos e i t /cos a v + r0] . (3) 

F o r  t h e  n o r m a l - b e a m  m e t h o d  (it = 0) t h i s  r e d u c e s  to  
e q u a t i o n  (22) of Ph i l l i p s  (1954). 

F o r  t h e  e q u i - i n c l i n a t i o n  m e t h o d  (sin it = - 5 / 2  = - s i n  v) 
e q u a t i o n  (1) b e c o m e s  

2 = 2rla/COS ~ v + 1 w h e r e  cos e v = (1 - 5e/4) 

w h i c h  is (sec v) t i m e s  e q u a t i o n  (26) of Ph i l l i p s  (1954). 

"~ Notes (1) r 0 m a y  have  to be de te rmined  exper imenta l ly  
by  t ak ing  photographs  on the  same film in (s tat ionary)  
cameras  of different  radii,  bu t  wi th  the  same col l imator  
sys tem;  or by  measur ing  the  var ia t ion  of spot size in a 
specially designed film pack. The 'source'  is no t  necessari ly 
coincident  wi th  the  col l imator  pinhole. The value of r 0 is im- 
p o r t a n t  and  m u s t  no t  be assumed.  

(2) Phillips (1954) g ives /=2a! ) t~ ;  bu t  this only applies in 
the  no rma l -beam method .  

C a l c u l a t i o n  of  a n g u l a r  r a n g e  o f  r e f l e x i o n ,  zl~ 

F o l l o w i n g  Phi l l ips ,  A~ = (cos ~vl - c o s  ~ve)/sin ~ w h e n  Aq0 is 
smal l .  

F r o m  e q u a t i o n  (3), p. 176 of  I . T .  Vol.  I I  

52-~-5e-t-25 sin it w h e r e  5 2 + 5 2 = 4  sin 2 0 = d  .2 
cos ~ = 2~ cos it 

1 
sin q = 25 eos-------~ [45e c°se it - 452 sin2 it 

- (52 + 5~)(5 ~ +52 + 4 5  sin i t)] i  

1 
- - -  [d*~(4 cos e i t - 4 5  sin i t - d  *~) - 45e]½ 

25 cos it 

5 ~ + 5 ~ + 25 sin (it + a)  d *~ + 25 s in  A 
cos ~01 = 25 cos (it + a)  = 25 cos A 

5 e + 5 ~" + 25 sin (it - a) d .2 + 25 s in  B 
cos ~0 e = 25 cos (it - a )  = 25 cos B 

d *~ (cos B - c o s  A)  + 2 5  ( s i n A  cos B - s i n  B c o s A )  

A~0 = 25 cos A cos B s in ~v 

2d *~ s in ½(A + B )  s in ½(A - B )  + 2 5  sin (A - B )  

5 [cos (A + B )  + c o s  (A - B ) ]  sin 

= 2  
d *~ s in it s in  a + 5 sin 2c~ 

5 (cos 2it + cos 2a)  sin 

d .2 s in  tt + 25 
= 2a  s ince  a is s m a l l  

25 cos 2 it s in  

--  2a  sec i t[d *~ sin it + 25] 

[d 'S(4 cos ~ it - 45 s in  it - d  *e) - 45e]½ (4) 

see  it[(5 s + 5 ~) s in  it + 25] 

[(5 ~ + 59)(4 cos 2 it - 4 5  s in  it - 5 2  - 5  ~) - 45~]½ " (5) 
= 2a  

F o r  t h e  n o r m a l - b e a m  m e t h o d ,  th i s  r e d u c e s  to  Ph i l l i p s ' s  
(1954) e q u a t i o n  (8); fo r  t h e  e q u i - i n c l i n a t i o n  m e t h o d ,  
i t  r e d u c e s  to  

5 cos 0 
3~ = [4 - (5~+5~) ]½sec i t=2~eos - -~  

w h i c h  is (sec it) t i m e s  Ph i l l i p s ' s  (1954) e q u a t i o n  (18). 

R e f l e x i o n - s p o t  l e n g t h  w i t h  c a m e r a  t r a n s l a t i o n  

T a k i n g  t h e  i n s t r u m e n t  c o n s t a n t  C2 of  t h e  W e i s s e n b e r g  
c a m e r a  as  2 w h e n  2 is m e a s u r e d  in  m i l l i m e t r e s  a n d  ~0 
in  deg rees ,  3 2  = A q / 2 .  

H e n c e  

2 + A 2  180 A~0 180 
-I_+ -I+-- 

2 2Jr 2 - 2~ 

(d .2 s in  it + 25)[1 - (5 + s i n  it)213/~ 
x (6) 

[d '2 (4  cos ~ # - 4 5  sin i t - d  .2) 

- 45~]½ [r 1 cOS 2 # + % [ 1  - (5 + s i n  it)e]3/~] 

S ince  d * ~ = 4  sin ~ 0 a n d  $ = s i n  v - s i n  it t h i s  e x p r e s s i o n  
m a y  also be  w r i t t e n  as  

2_+A~ 180 
- 1 + - -  

£ - 2~r 

[(2 sin 2 0 - 1) sin it + s i n  v] cos 3 v 
x (7) 

[4 s in 2 0 (cos 2 0 - s i n  u sin it) 

- (sin v - s i n  it)2]½(r 1 cos 2 it + r  0 cos 3 v) 
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F o r  u p p e r  l a y e r s  o f  t h e  normal-beam setting (# =0) 
f o r m u l a  (6) b e c o m e s  

_ + A 2  1 8 0  ~(1  - -  ~'~)a/~ 
- - = 1 +  

zt [4} ~" -- ( ~  + ~)~]½ [r~ + %(1 - -~ )a /~ ]  

w h i c h  is P h i l l i p s ' s  e q u a t i o n  (29) ,  so  t h a t  t h e  o r d i n a r y  
n o r m a l - b e a m  c h a r t s  c a n  b e  u s e d  w i t h  ~ a n d  ~ r e f e r r e d  
t o  t h e  Kfl r e f l e x i o n s .  O r ,  i n  t e r m s  o f  v a n d  0 

_+A~ 180  s i n  v cos  ~ v 
- - = 1 - 4 - - -  

- 2 n  (4 s i n  ~ 0 c o s  ~ 0 - - s i n  ~ v)½(r~ +% c o s  ~ v) 
(8) 

W h e n  tt = - v  (equi-inclination setting), t h e n  ~ = 2 s in  v 
= - 2  s in  tt a n d  t h e  e x p r e s s i o n  (6) b e c o m e s  

_ _ ~ + A ~  = 1 _+ --180 [ 4 ¢  - ~ ( ~  + ~2)] ( 1 - ~ 2 ) 3 / ~  

× I t , (1  - ~ )  + ro(~ - [¢~)~/~] 

180 ¢(4 - -$e  -- ~ ) ( 1  -- ¼~2)½ 

= 1 _+ 4--~- (45 ~ - - } 2 ~  -- }*)½[r~ + % ( 1  -- ¼~)½] 

~80 ~ ( 4 -  ~2)½(4-¢~  _~2)½ 
= 1 +  4zt ~[2r~ + % ( 4  - -  ~2)½] 

T h i s  e x p r e s s i o n ,  w h i c h  is e q u i v a l e n t  t o  t h a t  o f  P h i l l i p s ' s  
e q u a t i o n  (30) ,  is r a t h e r  s i m p l e r  i n  t e r m s  o f  v a n d  0 

_+A~ 180 s i n  v c o s  v c os  0 

= 1 + 2---~ (cos  ~ v - c o s  ~" O)½(r~ + r o cos  v)" (9) 

Flat-cone setting 

± A~ 180 s i n / z  co s  20 
- - = 1 +  

2~ (cos  ~/~ - - c o s  ~" 20)½(r~ cos  ~ # + % )  

I n  a l l  c a s e s  t h e  c o r r e c t i o n  m a y  b e  a p p l i e d  b y  c o m b i n i n g  
i t  w i t h  t h e  L o r e n t z  c o r r e c t i o n  w h i c h  in  e a c h  e a s e  m a y  b e  
e x p r e s s e d  as  f o l l o w s :  

General case 

w h e r e  
L -~ = cos  v c o s / x  s in  :Y 

cos  2 v + cos  ~/~ - }2 
COS ~ = 

2 cos  v cos  ~u 

~2 = 4 s in  ~ 0 - (s in  v - s in/~)~ 

f r o m  e q u a t i o n s  (1),  (2),  (4) o f  s e c t i o n  4 .3 .2 .1  o f  I .T .  
Vol. II. 

H e n c e  

L -1 = [ 4  s in  2 0 (cos  2 0 - - s i n  v s in  # )  -- ( s in  v - - s i n  #)2]½ 

a n d  
+ A ~  180 L cos  a v (s in  v - - s i n / ~  c o s  20)  

- 1 + 2---~- (rx c o s  2 # + r 0 c o s  3 v) 

Normal-beam setting 

L -1 =(sin-" 20 - ~)½ = (cos ~ v - cos  2 20)½ 

_+ A ~ 180 L s i n  v c o s  a v 
- - 1 +  

o - 2yc r l ~ - r  0cOs 3v 

S u m m a r y  o f  f o r m u l a e  f o r  u p p e r - l a y e r  s p o t  e x t e n -  

s i o n  o r  c o n t r a c t i o n  f o r  W e i s s e n b e r ~ ,  c a m e r a  r a d i u s  

r , ,  c o n s t a n t  C , - - 2 :  c a m e r a  a x i s  p a r a l l e l  t o  a x i s  o f  

c r y s t a l  r o t a t i o n  a n d  s o u r c e - t o - c r y s t a l  d i s t a n c e  r 0 

General case 

~ + A ~ _  _ 1 + --180 c o s  3 v ( s in  v - c o s  2 0 s i n / x )  

- 2~  [4 s i n  ~ 0 (cos  ~ 0 - s i n  v s i n / x )  

- ( s in  v - s i n / ~ ) ~ ] ½ ( r  1 c o s  ~-/~ + r  0 c o s  ~ v) 

2Vormal-beam setting 

_+A~ 180 s i n  v c o s  a v 
- - = 1 +  

2~  (cos  2 v - c o s  ~" 20)½(r 1 + r  0 c o s  3 v) " 

Equi-inclination setting 

£ _+A~ 180 s i n  v c o s  v c os  0 
- - 1 +  

- 2~r (cos  ~ v - c o s  ~ O)½(r 1 + r o c os  v) 

Anti-equi-inclination setting 

+ A 2  180  s i n  v c o s  v s in  0 

-- 1 + 2~  (cos  2 v - s i n  ~'0)½(r 1 +r  ocosvi  " 

Equi-inclination setting 

L -1 = 2  c o s  0 (cos  2 v - c o s  2 0)½ 

_+A2 1 8 0 L  cos  v s in  v c o s  9 0 
= 1 +  

~ r~ + r 0 co s  v 

Anti-equi-inclination setting 

L -1 = 2  s in  0 (cos  ~" v - s i n  2 0)½ 

2 +_A2 1 8 0 L  c o s  v s in  v s in  ~ 0 
- - - - - 1 _ + - -  

~ r 1 + r  0 c o s  v 

Flat-cone setting 
L -1 = (cos  2 ~ - co s  ~ 20)½ 

_ 180  L cos  20  s in /~  + A ~  1 + 
- 2 ~  r 1 c o s  ~ # + r  0 
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